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The results obtained in [1-5] are applied to give a criterion for the stability of the equilibrium states of systems with a delay at 
points on the boundaries of stability domains where safe sections become unsafe. © 1999 Elsevier Science Ltd. All rights reserved. 

The problem of  determining unsafe and safe boundaries of stability domains for the equilibrium states of systems 
with a delay has been considered in [1-10]. Methods and algorithms for investigating the stability of systems with 
a delay in critical cases where they can be reduced to truncated systems without a delay are given in [6-10]. Formulae 
for a quantity similar to the first Lyapunov value have been obtained for first-order equations with a delay in 
[1, 5, 9]. However, no such simple and convenient criteria are given in [1-10] for the stability of the equilibrium 
states of systems with a delay at points of the boundaries of stability domains where safe sections become unsafe, 
such as exist for systems without a delay [11]. 

For systems described by the second-order scalar equation with delay 

Ji = a I x + a2J + blX(t - x) + b2Jc(t - "c) + f(x,Jc, x(t  - "¢), Jc(t - ~)) (1) 

we will consider the problem of determining the stability at points of the boundaries of stability domains for the 
equilibrium states where safe sections become unsafe. 

Suppose the analytic function f(Xx, x 2, x3, x4) can be expanded in series in the neighbourhood ofx  1 = x 2 = x 3 = 
x4 = 0, which starts with terms of not lower than the second degree in (xt = x2 = x3 = x4) of the form 

f = ~, aikXiXk + ~_, aikpXiXkXp + ~, aikpsXiXkXpXs + 
l~i~k~4 I ~i~k~p~4 I ~i~k~p~s<~4 

+ ~_, ailqasraXiXkXpXsXra + ... 
iegia;ke;p~,.*~m,~4 

where the coefficients ago a m ,  a ~ s ,  au, vm are constant. 
Suppose the characteristic equation 

] _l I A(p) = P 
- a l - b l e - ~  p _ a 2 _ b 2 e _ p  ~ = 0  

(2) 

has simple rootspl ,  2 = + R0 and roots pj(j /> 3) satisfying the condition R e p j  < - o  < 0. In this case the stability 
of  the equilibrium state x = 0 of Eq. (1) is determined by the sign of quantities similar to Lyapunov quantities 
[6-10]. 

Suppose the quantity similar to the first Lyapunov quantity for Eq. (1) is equal to zero, while the quantity similar 
to the second is non-zero. 

With these assumptions, we shall investigate the stability of the state of equilibrium x = 0 of Eq. (1) by calculating 
the quantity similar to the second Lyapunov quantity and determining its sign. 

We write Eq. (1) in the form 

.f* = Ax*  + Bx*  ( t -  X)+ F ( x *  x* ( t -  x))  (3) 

where the vector x* has components x*l = x, x*2, x', the matrices A = [a ~,], B = [b~k] (i, k = 1, 2) have elements 

a~l =b~l =b~2 =O, a~2 = i, a~l = a  I, a~2 =a  2, b~l = b I 
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b~2 = b2 and the vector function F(x*, x*(t - x)) has components 

F I = O, F 2 = f ( x  1 .x 2,x 1 ( t -  z),x 2 ( t -  "~)). 

Second-order systems with a delay were considered in [5]. Using the results of [5, 7], we write system (3) in operator 
form 

dxt(e)/dt = LxtCO)+ R(xt(e)) (4) 

Idxt(O)/dt, - 't~<O<O 

Lx t (0) = [Axt + Bxt (-'g), 0 = 0 

I0, - x ~ < 0 < 0  

Rxt(O) = [F(xt(O), xt(-'C)), 0 = 0 

where xt(O) = x*(t + O) and x*(t) is a vector with components x~(t), x~(t) which is the solution of system (3) for 
t > 0 with continuously differentiable initial vector function 

x0(0) = tp(0), 0 e I-x,0]. 

Let Aa(pj) be the cofactors of the elements of the ith row and kth column of the determinants A(pj). 
Consider the vector functions I~j(0) with components 

and the values 

Consider the functionals 

~k)(0) = exp(pjO)A2k(pj)lAj;  k = 1,2; j = 1,2 

-pjX 
.Aj =dA(p)ldplp=pj=2pj+e (xbl+xPjb2-b2)-a2 

2 I 20e_pj(v+X)xl(V)bildV] fj[x(O)]= ~, Ail(Pj)  xi(O)+ Y. I 
i=1 1=1 -'~ 

where tl(0), x2(0) are the components of the vector x(0). 
In system (4) we replace the variables xt(O) by the variables Yl, Y2, z,(O) using the formulae 

2 
Y i(t) = fj[xt(O)], z(O) = x(O)- ~, ~j(O)yj(t) 

j = l  

Following the procedure in [7] we change from the system in new variables to a truncated second-order system 
without delay. We do this by replacing the variable zt(O) by the variable Rt(O ) according to the formula 

4 
zt(O) = Rt(O)+T(O, Yl ,Y2) = R,(0)+ E ~, drqY Iry2 q 

k=2 r+q=k 

where y is a two-dimensional vector function. 
The coefficients d,q(0), which are two-dimensional vector functions, are found from the operator equation 

[J~.- L]d,.q(O) = B,q(0) (5) 

where J is the identity operator, B-(0) is a known function and L = (r - q)ioL 
Since if r - q ~ --. 1 the quantity'~ does not occur in the spectrum of the operator L, we obtain from (5) 

d,.q(O) = R(k, .l)Brq(O) (6) 

where R(~., J) is the resolvent of the operator {fL - L }. From Eq. (6) for, r - q ¢ _+ 1 we obtain 

drq(O)=z-I(~ Drq - ~, Arq~j +BCrq 
j=l 

drq (-x)  = e-~'X drq (0) + Crq (7) 
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2 t _e_XZ) G.q --- Arq ~. ~ O ~ j (  e-ejx 
j=l Pj -~"  

X(X ) = ( X E -  A - Be -xx ) 

The two-dimensional  vector D,~ has components  Dr(q 1) = 0 and D ~  ) = Arq, the quantitiesArq will be given below 
and the vector cry has components  cqy = 1/Ai, a2j = py/A~ (j = 1, 2),'~. = (r - q)i0). 

When  r - q ~: _ 1, the coefficients cannot  be found in the form (6), but can also be obta ined  from Eq. (5) [7]. 
When  r = 2, q = 1, r - q = 1 we can apply to (5) the technique explained in [7] to obtain the vector d2~(O) with 

0 = O, 0 = -x  

d21(0) = V_A21[(a l l  +t~12)(l+,~e_PlXb2)_~e_plX(bl(Xll +b2(~21 1 ) + ~ p l  (AllOt'12 +0t22) + 

+ e-P|Xt(blOtl2 +b2°~22) l (8) 
2pl 

d2l(-'~)=e-l:'lXd2l(O)-A2le-PtX['~o~ I +2~l(e2plX- l ) t~2]  

All = Pl - a 2  - b2  e-ptx 

The vector Vhas  components  IA0 = 0, I A2) = A2i(~H + al2), the value of A2~ will be given below. 
The vectors d12(0) and d~2(--x) are complex conjugates [7] of  the vectors d2t(O) and d21(~x), and can therefore 

also be found from formulae (8). 
We shall use the following notat ion 

dr(q ) =d~q)(0), -rqd(i+2) =dr(q)(-x); i=1,2;  2 ~  < r+q<~ 4 

The t runcated second-order  system without delay has the form 

~ j = p j y j + Q ( y l , y 2 ) = p j y j +  ~. ~, r q Arqy~y2, J = 1,2 (9) 
k~2 r+q=k 

where 

Q = f (~ t t l ,~2 ,~3 ,V4)  = ~ aik~i~k + ~, aikp~i~kV/p + 
1 ~i<~k <~4 I <-i<~kgp<~4 

+ ~ aikps~lli~llkXllpYs + ~ aikpsm¥iqlkXlleYsqlm +... 
I~i~kap~s~4 I<~i~k6p~s-<-m~4 

~ j= (Xyly I + Oti2Y 2 + ~ZJ)(o, yl,  y2), j = l ,  2 

Vj+2 = (x/+2.1Yl + ¢t./+2.2Y2 + ~ ( - x ,  y~, Y2) 

~kj =e-P)X~k-2,j ,  k =3,4  

)'(J)(0,Yl,Y2) = ~ .t(.i) , r  q 'Y(J)(-'~,Yl,Yg) = 5". .t(.i+2). r q Urq yl Y2 ' _ Urq yl Y2 
2~r+q~<5 2~r+q~<5 

A~q are the constant coefficients which appear in formulae (7) and (8), given by the formula 

1 or+qQ(y I,y2) I 
Arq = r!q! Oy~yq .vt =. v 2 ~0 

In particular, we have 

(10) 

A20 = ~, aik~il~kl, All = ~ aik(~il~k2 +~i2~k l )  
I ~i~k ~4 I ~i~k~4 

a30 = ~., aik(~ild(k) +O~kld(i)o)+ ~ aikpOtil~kl~pl 
l~i~k~4 I<~i~k~p <~4 

= a (ix d + c t  d +or  d + a  d )+ A21 ~ (k) (i) (i) (k) ik i2 20 k2 20 kl 11 il I1 
I~i~k,~4 
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+ ~" aikp[Otpl(Otil~k 2 +txi20~kl)+~iltXklO~p21 (11) 
l~i~k~p~4 

The coefficients A02, A03, A 12 and A20, A30, A21 are complex conjugates. When r + q = 2, the quantities d~ ) are 
found from formulae (7) using the expressions for A20, All ,  A02. When r + q = 3 the quantities d ~  are found 
from the coefficientsA,~(r + q = 3) of formulae (7) and (8). When r + q --- 4 the coefficientsArq are found using 
the quantities d~)(r + q = 3) from formula (1) and are then used to find d~)(r + q = 4) and the coefficientsArq 
f o r r  + q =  5. 

The first Lyapunov quantity for system (9) is found [11, 12] from the formula 

gl = Re A2! - to-1All lm (A20) 

The quantityg I for Eq. (1) is a quantity similar to the f rs t  Lyapunov quantity [7]. 
• If gl < 0, the boundary of the stability domain for Eq. (1) is safe; ifgl > 0, it is unsafe. Correspondingly, ifgl 

= 0, as assumed here, the stability of the equilibrium state x = 0 of Eq. (1) is found from the sign of the second 
Lyapunov quantity of system (9), and is simultaneously [7] a quantity similar to the second Lyapunov quantity for 
Eq. (1). 

A formula was obtained in [9] for the second Lyapunov quantity of the equation 

~=io~z+ Z gkJzk-zJ (12) 
k+j~,2 ktj! 

in which the bar denotes the complex conjugate and gki are constant coefficients. The first equation of system (9) 
is the same as (12), and the coefficientsAkj are the same as gkj/(k~!). Thus, the formula obtained for the second 
Lyapunov quantity in [9] can also be used for system (9). 

I fgl  = 0 andg2 < 0, the equilibrium state of a system with delay described by Eq. (1) is stable, and if g2 > 0 it 
is unstable. 

If the function f contains no quadratic terms, that is, if all a~ = 0, the expression forgE is much simpler. 

This  research  was s u p p o r t e d  financially by the Russ ian  F o u n d a t i o n  for  Basic Resea rch  (98-01-00635). 
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